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General Instructions Total marks — 45

¢ Reading time — 5 minutes o Attempt Questions 1 -4

¢ \Working time — 60 minutes e All questions are NOT of equal
¢ Write using black or blue pen value

¢ Board-approved calculators may be used

e A table of standard integrals is provided
at the back of this paper

e All necessary working should be shown
in every question

e Marks may be deducted for careless or
badly arranged work




Total marks — 45
Attempt Questions 1 -4
All questions are NOT of equal value

Answer each question on the appropriate answer sheet. Each answer sheet must show your

BOS#. Extra paper is available.

Your responses should include relevant mathematical reasoning and/or calculations.

Question 1 (12 marks) Use a separate piece of paper

a) (i) Between which two integers does J5 lie?

(if) Using repeated applications of the “halving the interval” method, to
approximate JS_ , correct to one decimal place.

b) Use the given substitution to evaluate the following integrals.

(i) Jsx 9 x" dx using u=9-x°
3
2

N dx :

(i) J = using  x = 3sinf
y N9 —x

— sin 2x . 2
(iii) J —, dx using u=2+ 3cos x

Marks



Marks
Question 2 (9 marks) Use a separate piece of paper

a) Below is a graph of y = x®+3x* —24x-40.

y

-10— -5\ /5 10

(i) Explain why x = 0 would not be a good first approximation in order to find 1
the positive solution to x° + 3x* — 24x — 40 = 0 using Newton’s Method.

(ii) Give an example of an approximation to x* +3x* — 24x —40 =0 that would 2
fail to find any solution using Newton’s Method, and explain why it would fail.

(iii) Using Newton’s Method, find the positive solution to x* +3x* —24x-40=0, 3
correct to two decimal places.

b) If X=e " and initially the particle is observed to be at x = 0 with a velocity of 3
2
2 m/s, find v~ as a function of x.



Marks

Question 3 (12 marks) Use a separate piece of paper
a) The velocity of a particle moving along the x-axis is given by Vo =36-6x —2x" :
where x is in metres.

(i) Prove that the particle is moving in Simple Harmonic Motion. 2
(i1) Find the path that the particle travels. 2
b) An object is projected horizontally from the top of a vertical cliff 40 metres above
sea level with a velocity of 40 m/s. (Take g = 10 m/s 2 )
vih
-:- '
= x
cliff é
e o
(i) Using the top edge of the cliff as the origin, prove that the equations of motion 3
are given by;
x=40t and y=-5¢
2

(if) Calculate when and where the object hits the water.

(iii) Find the speed of the object and the angle it makes with the water, the instant it 3

hits the water.



Question 4 (12 marks) Use a separate piece of paper
a) A particle is travelling in simple harmonic motion such that its displacement x
metres from the origin is given by x = —4x.

(i) Show that x = Acos(2¢ + f) is a possible equation of motion for the particle, 2
where 4 and £ are positive constants.

(if) The particle is initially observed to have a velocity of 2 m/s and a displacement 2
from the origin of 4 metres. Show that the amplitude of the motion is Jﬁ metres.

(iii) Determine the maximum speed of the particle. 1
b) Sudarshan is in a pool holding a hose at an angle of & to the surface of the water

and water is leaving the hose with a velocity of ¥m/s. The water from the hose hits
the surface of the water at a distance R metres from Sudarshan.

VvV m/s
0
< - >
Using the equations of motion;
1 2 .
x=Vtcosd and y= Visind —Egt" (Do NOT prove this)
. V’sin 26
(i) Show that R= LA L1, 2
g
(i1) Explain why the maximum range occurs when & = 45° 1
(ii1) Sudarshan moves the hose so that the angle 8 changes at a constant rate 2
EZ k , from an initial value of 8 = 30° .
dR 2kV’cos 28
Prove that — = ———
dt g
: : R L .
(iv) Find — and hence show that the motion is simple harmonic. 2
dr

~ END OF EXAMINATION ~
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STANDARD INTEGRALS

'[x”a’x :Lx"“, ns-1x#0, if n<0
n+l
1
j—dx =Inx, x>0
X
.[eaxdx =£e”x, a+#0
a
1.
J.COSaxdx =—Sinax, a#0
a
. 1
ISIHaxa’x =——coSax, a#0
a
) 1
jsec ax dx =—tanax, a#0
a

1
.[seCaxtan axdx =—secax, a#0

a
1 1

J. 5 2dx =—tan‘1f, a#0

a“+x a a

. 4 X
=sin?Z, >0, —a<x<a

J'#dx
Va® —x? a

J‘—ﬁdx :In(x+\/x2—a2) x>a>0

j—\/;-T dx :ln(x+\/x2+a2)

NOTE: Inx=logx, x>0
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Solution | Marks | Comments
QUESTION 1
1(a) (i) J5 lies in between 2 and 3 1 1 mark
o Correct answer
1 (a) (ii) f)=x—5=0 2 marks
f2)= P _5=_1<0 )= $_5-4>0 e Correct solution using an
243 2425 : 24295 appropriate number of
X = > X = > X3 = > iterations
=25 =225 =213 L mark :
] 2 ) 2 ] 2 o Correctly applies the
f25=@25 -5 f225)=(25 -5 fR13)=(13y -5 “halving the interval”
=1.25>0 = 0.0625>0 ==044631<0 method at least once
w2<5<25 22<J5<225 2213 <5225 2
. 213+7225
X, —2
=219
(2.19)=(2.19) — 5
=-0.2039<0
2219<J5< 225 24J5=22 correct to one decimal place
. [ 2 2 3 marks
1(b) (1) J(“ P d” =9 Z_de « Correct solution using the
- J’J— U=-axdx given substitution
=-3| Ju du 2 marks
=3 % 2” T e Correct primitive in terms of
3 u
g) [ 2 3 1 mark
2(9 NI-E e e Correct integrand in terms
of u
e Correctly finds answer using
an alternative approach
3 4 3 marks
2 dx g 3cos6.d6 e Correct solution using the
1 (b) (ii) I — - = x=3sind whenx=10,6=0 given substitution
WVI-x Jg_ 9sin” @ dx=3cos8d8 .l 3 o m . Note: solving as an indefinite
L 2% 6 integral, then using answer to
6 find definite integral is
| 3cos@dé acceptable
) 3cosd 2 marks
0 3 e Correct primitive in terms of
s a
i e Correct integrand in terms
=|d8 of @, including the correct
0 limits
z 1 mark
=[6}° e Correct integrand in terms
= of @ without the limits
6 e Correctly finds answer using
an alternative approach
f sin 2x 2 3 marks
1 (b) (i) 5 + 3005y dx f” B 2613“'05. X ; « Correct solution using the
1 7 e At st given substitution
==|— ) | 2 marks
T e Correct primitive in terms of
==Inu+c u
? 5 3 1 mark
=3 111(2 +3cos -’fj+ ¢ e Correct integrand in terms
of u
e Correctly finds answer using
an alternative approach




Solution Comments
QUESTION 2
2(a) (i) The tangent at x = 0 would cut the x-axis close to x =— 2, which would be a 1 mark
good approximation to one of the negative solutions, but not the positive ¢ Valid explanation
solution.
This occurred because x = 0 is on the opposite side of the stationary point to
the positive solution.
2(a) (ii) The approximation would fail at either stationary point, as the tangent would 2 marks

be horizontal meaning it will never cut the x-axis.

In addition, if it is a stationary point then the derivative is zero at this point so
zero would be substituted into the denominator of Newton’s formula, thus

making it undefined.

Stationary pointsare x =2 and x = -4

e Locate a correct example
with a valid explanation

1 mark

» LOcates a correct example

2 (a) (iii) f(x)=2x + 3x" — 24x— 40

—(23 '3.8'73)
-4—— =45-
48 63.75
=45 =444

f)=3¢" + 6x— 24

 fa44)

(4.4
106154

617808

X =4

=444

~ x =444 is the positive solution, correct to two decimal places

3 marks

e Correctly finds the
approximation to the
positive solution

2 marks

e Finds one of the negative
solutions

e Correctly uses Newton’s
Method at least once

1 mark

o Attempts to apply
Newton’s Method by
using a correct formula

1(1 2 ¥ v x
2 (b) | =e OR = 3 marks .
dx\ 2 dx e Correct solution
12 - Y x 2 marks
VS g T . . . 2
2 J vdv =J e “dx « Finds an expression for v
V=2 T+ ; 0 using a correct method
when 1 5 . 1 mark
x=0,v=2 [‘1’ ] = [— e ]o o Identifies that
"0 - 2 .od(l 2
4=-2¢ +c¢ 1 2 —x X = —[— v J or
c=6 5\!—22—0 + 1 dx\ 2
P =620 " 12 —x equivalent expression
pUr=e 3 linking velocity and

displacement




= object hits the water at a speed of 2046 m/s at an angle of 35° to the water

Solution | Marks | Comments
QUESTION 3
3@ () v =36-6r-20 2 marks
L R » Correct solution
2 ) 1 mark
';:i[l 112] « |dentifies the condition
dx\ 2 2 for SHM
=—12- 8 e Finds an expression for
_ —8[.\- i E] acceleration in terms of
2 displacement
v = —nX ,where n= 22 and X=x +%
3 (a) (i) v >0 2 marks
36— 622 > 0 e Correct solution
) - 1 mark
-8 0 2 e Progress towards solution
(r+6)x-3) =<0 using valid methods
-6< x< 3
The particle oscillates between x =-6and x = 3
3 (b) (i) x=0 y=-10 3 marks
x=g¢ y=-10t+¢; « Correct solution
when when 2 marks
t=0,x=40 t=0,y=0 e Correctly proves equation
~40=r¢, s 0=0+c¢ of motion for either x or y
x=40 ;=0 e Finds both equations
x=40t+c, y=—10t 3 without explicitly finding
when s 6 e the value of the constants.
t=0,x=0 wh-.en 1 mark _
» 0=0+c, s = » Finds equations for both
=0 ~ 0=0+c, xandy
x =40t c.=0
5
y=-5r
3 (b) (ii) Obiject hits the water when y = -40 When ¢ = ZJE; 2 rgarks i
; 2 _ e Correct solution
Le. =5 =40 x= Aé%ﬁ) ;oo
r=8 2 e Finds when it hits the
=22 water
Object hits the water after X)) seconds, 80J2 metres from the base of the cliff. e Finds where it hits the
water.
3(b) (iii) When r=2{2; 3 marks |
- . e Correct solution
*=40 and y B 213%‘5) Note: angle can be either
T acute or obtuse
2 marks
y e Finds the velocity of the
202 object
5 e Finds the angle the object
3 Englr(]es with the Wbater )
either acute or obtuse
V= 40" + 202y tana = 06 1 mark
= 2400 1‘40 e Calculates the horizontal
v = 2400 = —2 and vertical components
= of the velocit
20J6 a=35264... ¢

Note: correct answers
based upon time found in
part (ii) should be marked
correct.




x=Acos(2t + fB) x=-24sin(2t + )

4= Acosf 2=24sinf
16= A’cos’ B 4=44%sin’B
IZAzsinzﬁ’

Azcoslﬁ + Azsinzﬁ =17

2y
4=17

~ amplitude of the motion is Jﬁ metres

Solution | Marks | Comments
QUESTION 4
4 (a) (i) x=Acos(2t+ f3) 2 marks
X =-24sin(2t + B) e Correct solution
x=—44cos(2t + ) 1 mark
=—4x ] ) ) ) o Attempts to find
Thus x = Acos(2t + f3) is a possible equation of motion. acceleration as a function
of time
4 (a) (ii)whent=0,x=4,v=2; 2 marks

e Successfully shows result

1 mark

¢ Uses initial conditions in
a valid attempt to show
the given result

4 (a) (iii) x = -24sin(2t + f)

1 mark
~ maximum speed of the particle is 24 = w17 m/s e Correct answer
; 1
4 (b) (I) x= Vicos 9 y= stm g— —? 2 marks )
when x = R; gt e Correct solution
R=Vicos8 wheny=0; 1 mark
- R R 2 e Eliminates t from the
= ] 0=V sing—— arametric equations
Veosd [ Vcos 6’] ; Zg[ Veos 9] P a
Rsin@ gR”
0= - 2
cosé  2p7cos’g
. 2
0=2V"Rsinbcos 6 - gR
0= R[ZstinE?cosQ— gR)
2
P
R=B of B= 2V sinfcos 8
o8
_ V7sin 28
s
in 26
ButR # 0, R=—2=C
g

4 (b) (if) — is constant, thus R is a maximum when sin 26 is a maximum
g

maximumsin 2€ occurs when 28 = 90°

1 mark
e Correct explanation

. . " )
~motionis SHM as x= —n'x,where n=2k

- - — Le. 8= 45°
4 (b) (i) “R_4R 49 2marks
dt d97 dt e Correct solution
2V cos 28 1 mark
= X k 2 . dR
g e Finds —
_ 2kV cos 28 ae
g
_d'R d(dR 2 marks
4 (b) (iv) —, :d_[_] « Correct solution
di i di 1 mark
d (dR de
dh) g0 "
dé\ dt dt e Finds —in terms of &
4k V"sin 28 dt
= _—xk )
2 5
_ 4V'sin26
g
- 4R




